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NATURAL CONNECTIONS GIVEN BY GENERAL LINEAR
AND CLASSICAL CONNECTIONS
JOSEF JANYSˇKA
Abstract. We assume a vector bundle p : E → M with a general linear connection K
and a classical linear connection Λ on M . We prove that all classical linear connections on
the total space E naturally given by (Λ,K) form a 15-parameter family. Further we prove
that all connections on J1E naturally given by (Λ,K) form a 14-parameter family. Both
families of connections are described geometrically.
Introduction
The reduction theorems for classical (linear) connections on manifolds are very powerful
tools to classify natural (invariant) operators (of any finite order) from the bundle of classical
connections and some tensor bundle to another tensor bundle. By reduction theorems all such
operators reduce to operators defined on tensor bundles only (operators of curvature tensor
fields of classical connections in question, given tensor fields and covariant differentials of the
curvature and given tensor fields). For the general theory of natural bundles and operators
see [10, 11, 12, 14] and for the proof of reduction theorems for classical connections and their
applications see [10, 13].
The reduction idea for general linear connections on vector bundles is also possible. It is
a gauge version of reduction theorems for the gauge group G = GL(n,R). For operators
of order one the first reduction theorem for general linear connection is in fact the special
case of the Utiyama’s theorem, see [1, 10]. In [6] the reduction theorems for general linear
connections were proved for operators of any finite orders with values in a gauge-natural
bundle of order (1,0). In this gauge situation auxiliary classical connections on base manifolds
have to be used.
Sometimes we need to study natural operators which have values in a natural or a gauge-
natural bundle of higher order. In this case we can use higher order valued reduction theo-
rems, for the case of classical connections see [7] and for the case of general linear connections
see [8]. Typical operators of this type are natural tensor fields on the tangent or the cotan-
gent bundle of a manifold with a classical connection or natural tensor fields on the total
space of a vector bundle with a general linear connection and a classical connection on the
base manifold.
In this paper we use the higher order valued reduction theorems for general linear con-
nections, [8], to clasify all classical linear connections on the total space of a vector bundle
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p : E →M and connections on the first jet prolongation J1E naturally induced by a gen-
eral linear connection K on E and a classical connection Λ on M . We shall prove that
there is a 15-parameter family of classical linear connections D˜(Λ, K) on the total space E
and a 14-parameter family of connections Γ˜(Λ, K) on J1E. We present also the geometrical
description of both families and we show that Γ˜(Λ, K) can be obtained from D˜(Λ, K) by
using the operator χ described in [9]. The result obtained for classical linear connections on
E coincides with the classification of [3] (see also [10]).
All manifolds and maps are assumed to be smooth. The sheaf of (local) sections of a
fibered manifold p : Y → X is denoted by C∞(Y ), C∞(Y ,R) denotes the sheaf of (local)
functions.
1. Higher order valued reduction theorems for general linear connections
In what follows let G = GL(n,R) be the group of linear automorphisms of Rn with
coordinates (aij), i, j = 1, . . . , n. LetMm be the category ofm-dimensional C
∞-manifolds and
smooth embeddings. Let VBm,n be the category of vector bundles with m-dimensional bases,
n-dimensional fibers and local fiber linear diffeomorphisms and let PBm(G) be the category
of smooth principal G-bundles with m-dimensional bases and smooth G-bundle maps (ϕ, f),
where the map f ∈ MorMm. Then any vector bundle (p : E → M ) ∈ ObVBm,n can
be considered as a zero order G-gauge-natural bundle given by the G-gauge-natural bundle
functor of associated bundles PBm(G)→ VBm,n.
Local linear fiber coordinates on E will be denoted by (xA) = (xλ, yi), A = 1, . . . , m+ n,
λ = 1, . . . , m, i = 1, . . . , n. The induced fiber coordinates on TE or T ∗E will be denoted by
(xλ, yi, x˙λ, y˙i) or (xλ, yi, x˙λ, y˙i) and the induced local bases of sections of TE or T
∗E will be
denoted by (∂λ, ∂i) or (d
λ, di), respectively.
We define a general linear connection on E to be a linear section K : E → J1E . Consid-
ering the contact morphism J1E → T ∗M⊗TE over the identity of TM , a linear connection
can be regarded as a TE-valued 1-form K : E → T ∗M ⊗ TE projecting onto the identity
of TM .
The coordinate expression of a linear connection K is of the type
K = dλ ⊗
(
∂λ +Kj
i
λ y
j ∂i
)
, with Kj
i
λ ∈ C
∞(M ,R) .(1.1)
Linear connections can be regarded as sections of a (1,1)-order G-gauge-natural bundle
LinE → M , [1, 6, 10]. The standard fiber of the functor Lin will be denoted by R =
R
n∗ ⊗ Rn ⊗ Rm∗, elements of R will be said to be formal linear connections, the induced
coordinates on R will be said to be formal symbols of formal linear connections and will be
denoted by (Kj
i
λ).
The curvature tensor field R[K] : M → E∗ ⊗ E ⊗
∧2
T ∗M given by K is a natural
operator R[K] : C∞(LinE)→ C∞(E∗⊗E ⊗Λ2T ∗M) which is of order one. Its coordinate
expression is
R[K] = R[K]j
i
λµ d
j ⊗ ∂i ⊗ d
λ ∧ dµ
= −2(∂λKj
i
µ +Kj
p
λKp
i
µ) d
j ⊗ ∂i ⊗ d
λ ∧ dµ .
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We define a classical connection on M to be a linear connection on the tangent vector
bundle pM : TM →M with the coordinate expression
Λ = dλ ⊗
(
∂λ + Λν
µ
λ x˙
ν ∂˙µ
)
, Λµ
λ
ν ∈ C
∞(M ,R) .(1.2)
Classical connections can be regarded as sections of a 2nd order natural bundle ClaM →
M , [10]. The standard fiber of the functor Cla will be denoted by Q = Rm∗ ⊗ Rm ⊗ Rm∗,
elements of Q will be said to be formal classical connections, the induced coordinates on
Q will be said to be formal Christoffel symbols of formal classical connections and will be
denoted by (Λµ
λ
ν). The natural subbundle of symmetric classical connections will be denoted
by ClaτM →M with local fiber coordinates (x
λ,Λµ
λ
ν), Λµ
λ
ν = Λν
λ
µ.
The curvature tensor field of a classical connection is a natural operator
R[Λ] : C∞(ClaM)→ C∞(T ∗M ⊗ TM ⊗
2∧
T ∗M)
which is of order one.
Let us denote by Ep,rq,s := ⊗
pE ⊗ ⊗qE∗ ⊗ ⊗rTM ⊗ ⊗sT ∗M the tensor product over M
and recall that Ep,rq,s is a vector bundle which is a G-gauge-natural bundle of order (1, 0).
A classical connection Λ on M and a linear connection K on E induce the linear tensor
product connection Kpq ⊗ Λ
r
s := ⊗
pK ⊗⊗qK∗ ⊗⊗rΛ⊗⊗sΛ∗ on Ep,rq,s
Kpq ⊗ Λ
r
s : E
p,r
q,s → T
∗M ⊗
M
TEp,rq,s
which can be considered as a linear section
Kpq ⊗ Λ
r
s : E
p,r
q,s → J
1Ep,rq,s .
Then we define, [5], the covariant differential of a section Φ : M → Ep,rq,s with respect to
the pair of connections (Λ, K) as a section of Ep,rq,s ⊗ T
∗M given by
∇(Λ,K)Φ = j1Φ− (Kpq ⊗ Λ
r
s) ◦ Φ .
In what follows we set ∇ = ∇(Λ,K) and φ
i1...ipλ1...λr
j1...jqµ1...µs;ν
= ∇νφ
i1...ipλ1...λr
j1...jqµ1...µs
. We shall denote
by ∇i the i-th iterated covariant differential and we shall put ∇(k,r) := (∇k, . . . ,∇r), r ≥ k,
∇(r) := ∇(0,r).
Let us denote by CC,iM the i-th curvature bundle of symmetric classical connections given
as the image of the natural operator
∇iR[Λ] : J i+1Claτ M → T
∗M ⊗
M
TM ⊗
M
2∧
T ∗M ⊗
M
⊗iT ∗M .
We shall put C
(r)
C M := CC,0M ×
M
. . . ×
M
CC,rM and pr
r
k : C
(r)
C M → C
(k)
C M , r ≥ k, the
canonical projection.
Similarly let us denote by CL,iE the i-th curvature bundle of general linear connections
given as the image of the natural operator
∇iR[K] : J i−1Claτ M ×
M
J i+1 LinE → E∗ ⊗
M
E ⊗
M
2∧
T ∗M ⊗
M
⊗iT ∗M .
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We shall put C
(r)
L E := CL,0E×
M
. . .×
M
CL,rE and pr
r
k : C
(r)
L M → C
(k)
L M , r ≥ k, the canonical
projection.
We denote by Jk−2ClaτM ×
M
Jk−1 LinE ×
M
C
(k−2,s−1)
C M ×
M
C
(k−1,r−1)
L E, s ≥ r − 2, the
pullback of
prs−1k−3× pr
r−1
k−2 : C
(s−1)
C M ×
M
C
(r−1)
L E → C
(k−3)
C M ×
M
C
(k−2)
L E
with respect to the surjective submersion, [6],
(∇(k−3)R[Λ],∇(k−2)R[K]) : Jk−2Claτ M ×
M
Jk−1 LinE → C
(k−3)
C ×
M
C
(k−2)
L E .
Then the first k-th order valued reduction theorem can be formulated as follows, for the poof
see [8],
Theorem 1.1. Let s ≥ r − 2, r + 1, s + 2 ≥ k ≥ 1. Let F be a G-gauge-natural bundle of
order k. All natural differential operators
f : C∞(Claτ M ×
M
LinE)→ C∞(FE)
which are of order s with respect to symmetric classical connections and of order r with
respect to general linear connections are of the form
f(jsΛ, jrK) = g(jk−2Λ, jk−1K,∇(k−2,s−1)R[Λ],∇(k−1,r−1)R[K])
where g is a unique natural operator
g : Jk−2Claτ M ×
M
Jk−1 LinE ×
M
C
(k−2,s−1)
C M ×
M
C
(k−1,r−1)
L E → FE . 
Further let us denote by ZiE the image of the operator
(∇(i−2)R[Λ],∇(i−2)R[K],∇(i)Φ) :
J i−1ClaτM ×
M
J i−1 LinE ×
M
J iEp1,p2q1,q2 → C
(i−2)
C M ×
M
C
(i−2)
L E ×
M
Ep1,p2q1,q2 ⊗
M
⊗iT ∗M
We shall put Z(r)E := Z0E ×
M
. . . ×
M
ZrE and pr
r
k : Z
(r)E → Z(k)E, r ≥ k, the canonical
projection.
We denote by Jk−2Claτ M ×
M
Jk−2 LinE ×
M
Jk−1Ep1,p2q1,q2 ×
M
Z(k,r)E the pullback of
prrk−1 : Z
(r)E → Z(k−1)E
with respect to the surjective submersion, [6],
(∇(k−3)R[Λ],∇(k−3)R[K],∇(k−1)) : Jk−2Claτ M ×
M
Jk−2 LinE ×
M
Jk−1Ep1,p2q1,q2 → Z
(k−1)E .
Then the second k-th order valued reduction theorem can be formulated as follows, [8],
Theorem 1.2. Let F be a G-gauge-natural bundle of order k ≥ 1 and let r + 1 ≥ k. All
natural differential operators
f : C∞(Claτ M ×
M
LinE ×
M
Ep1,p2q1,q2 )→ C
∞(FE)
of order r with respect sections of Ep1,p2q1,q2 are of the form
f(jr−1Λ, jr−1K, jrΦ) = g(jk−2Λ, jk−2K, jk−1Φ,∇(k−2,r−2)R[Λ],∇(k−2,r−2)R[K],∇(k,r)Φ)
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where g is a unique natural operator
g : Jk−2Claτ M ×
M
Jk−2 LinE ×
M
Jk−1Ep1,p2q1,q2 ×
M
Z(k,r)M → FE . 
Remark 1.3. The order (r−1) of the above operators with respect to linear and symmetric
classical connections is the minimal order we have to use. The second reduction theorem
can be easily generalized for any operators of orders s1 or s2 with respect to connections Λ
or K, respectively, where s1, s2 ≥ r − 1, s1 ≥ s2 − 1. Then
f(js1Λ, js2K, jrΦ) = g(jk−2Λ, jk−2K, jk−1Φ,∇(k−2,s1−1)R[Λ],∇(k−2,s2−1)R[K],∇(k,r)Φ) . 
Remark 1.4. The above higher order valued valued reduction theorems deal with symmetric
classical connections on the base manifolds. If Λ is a non-symmetric classical connection,
then there is its unique splitting Λ = Λ˜ + T, where Λ˜ is the symmetric classical connection
obtained from Λ by symmetrization, i.e., Λ˜µ
λ
ν =
1
2
(Λµ
λ
ν + Λν
λ
µ), and T is the torsion
(1, 2)-tensor, i.e., Tµ
λ
ν =
1
2
(Λµ
λ
ν −Λν
λ
µ). Then any finite order natural operator for Λ and
K is of the form, s ≥ r − 2,
f(jsΛ, jrK) = f(jsΛ˜, jrK, jsT ) =
= g(jk−2Λ˜, jk−2K, jk−1T, ∇˜(k−2,s−1)R[Λ˜], ∇˜(k−2,r−1)R[K], ∇˜(k,s)T ) ,
where ˜ refers to Λ˜. 
2. Natural classical connections on the total space of a vector bundle
A classical connection D on E is given by D : TE → T ∗E ⊗ TTE over the identity of
TE. In coordinates
D = dC ⊗ (∂C +DB
A
C x˙
B ∂˙A) , DB
A
C ∈ C
∞(E,R) .(2.1)
Given a general linear connection K on E and a classical connection Λ on the base manifol
M we have an induced natural classical connection D(Λ, K) on E given by, [2, 10],
Proposition 2.1. There exists a unique classical connection D = D(Λ, K) on the total space
E with the following properties
∇DhK(X)h
K(Y ) = hK(∇ΛXY ), ∇
D
hK(X)s
V = (∇KXs)
V ,
∇DsV h
K(X) = 0, ∇DsV σ
V = 0 ,
for all vector fields X, Y onM and all sections s, σ of E, where hK is the horisontal lift with
respect to K, ∇K ,∇Λ,∇D are covariant differentials with respect to K, Λ , D, respectively,
and sV , σV denote the vertical lifts of the sections s, σ, respectively.
In coordinates
Dµ
λ
ν = Λµ
λ
ν , Dµ
λ
k = 0 , Dj
λ
ν = 0 , Dj
λ
k = 0 ,
Dµ
i
ν =
(
∂ν Kp
i
µ −Kr
i
ν Kp
r
µ +Kp
i
ρ Λµ
ρ
ν
)
yp ,
Dµ
i
k = Kk
i
µ , Dj
i
ν = Kj
i
ν , Dj
i
k = 0 . 
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Remark 2.2. ClaE is a G-gauge-natural bundle of order (2,2) and D(Λ, K) defines the
natural operator D : C∞(ClaM ×
M
LinE)→ C∞(ClaE) which is of order zero with respect
to Λ and of order one with respect to K. 
The difference of any two classical connections on E is a tensor field on E of the type
(1, 2). So, having the connection D(Λ, K), all classical connections on E naturally given by
K and Λ are of the type D(Λ, K) + Φ(Λ, K), where Φ(Λ, K) is a natural (1,2)-tensor field
on E. Hence, the problem of classiffication of natural classical connections on E is reduced
to the problem of classifffication of natural tensor fields on E.
Any tensor field on E is a section of a G-gauge-natural bundle of order (1, 1). Then, by
Theorem 1.2 and Remark 1.4, we get
Corollary 2.3. Let Φ be a tensor field on E naturally given by a classical connection Λ on
M (in order s) and by a general linear connection K on E (in order r, s ≥ r − 2). Then
Φ(u, jsΛ, jrK) = Ψ(u, ∇˜(s)T, ∇˜(s−1)R[Λ˜], K, ∇˜(r−1)R[K]) ,
where u ∈ E and ˜ refers to the classical symmetrized connection Λ˜. 
Now we can use the above Corollary 2.3 to classify (1,2)-tensor fields on E. We have
Lemma 2.4. All (1,2)-tensor fields on E naturally given by Λ (in order s) and by K (in
order r, s ≥ r − 2) are of the maximal order 1 (with respect to both connections) and form
a 15-parameter family of operators with the coordinate expression given by
Φ(Λ, K) =
(
a1 Tµ
λ
ν + a2 δ
λ
µTρ
ρ
ν + a3 δ
λ
νTµ
ρ
ρ
)
dµ ⊗ ∂λ ⊗ d
ν
+
(
yi (b1 Tρ
ρ
µ Tσ
σ
ν + b2 Tσ
ρ
µ Tρ
σ
ν + b3 Tρ
ρ
σ Tµ
σ
ν + c1 Tρ
ρ
µ;ν + c2 Tρ
ρ
ν;µ
+ c3 Tµ
ρ
ν;ρ + d1 R˜ρ
ρ
µν + d2 R˜µ
ρ
ρν + e2Rp
p
µν) + e1Rj
i
µν y
j
+ (a3 − h2) Tµ
ρ
ρKj
i
ν y
j + (a2 − h1) Tρ
ρ
ν Kj
i
µ y
j + a1 Tµ
ρ
ν Kj
i
ρ y
j
)
dµ ⊗ ∂i ⊗ d
ν
+ h1 δ
i
j Tρ
ρ
ν d
j ⊗ ∂i ⊗ d
ν + h2 δ
i
k Tρ
ρ
µ d
µ ⊗ ∂i ⊗ d
k ,
where ai, bi, ci, i = 1, 2, 3, dj , ej, hj, j = 1, 2, are real coefficients.
Proof. By the general theory of natural operators, [10], we have to classify all equivariant
mappings between standard fibers of G-gauge-natural bundles in question. T ∗E⊗TE⊗T ∗E
is a G-gauge-natural bundle of order (1, 1) where the action of the group W
(1,1)
m,n G on the
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standard fiber SF = R
(m+n)∗ ⊗ R(m+n) ⊗ R(m+n)∗ is given by
Φ¯j
i
k = a
i
r Φs
r
t a˜
s
j a˜
t
k + a
i
pρ y
pΦs
ρ
t a˜
s
j a˜
t
k ,(2.2)
Φ¯j
i
ν = a
i
r Φs
r
τ a˜
s
j a˜
τ
ν + a
i
r Φs
r
t a˜
s
j a˜
t
pν a
p
k y
k(2.3)
+ aipρ y
pΦs
ρ
t a˜
s
j a˜
t
kν a
k
q y
q + aipρ y
pΦs
ρ
τ a˜
s
j a˜
τ
ν ,
Φ¯µ
i
k = a
i
r Φσ
r
t a˜
σ
µ a˜
t
k + a
i
r Φs
r
t a˜
s
pµ a
p
q y
qa˜tk(2.4)
+ aipρ y
pΦs
ρ
t a˜
s
qµ a
q
l y
l a˜tk + a
i
pρ y
pΦσ
ρ
t a˜
σ
µ a˜
t
k ,
Φ¯µ
i
ν = a
i
r Φσ
r
τ a˜
σ
µ a˜
τ
ν + a
i
r Φs
r
τ a˜
s
pµ a
p
q y
qa˜τν(2.5)
+ air Φσ
r
t a˜
σ
µ a˜
t
pν a
p
l y
l + air Φs
r
t a˜
s
pµ a
p
l y
la˜tqν a
p
m y
m
+ aipρ y
pΦs
ρ
t a˜
s
qµ a
q
l y
l a˜tnν a
n
m y
m + aipρ y
pΦσ
ρ
t a˜
σ
µ a˜
t
qν a
q
l y
l
+ aipρ y
pΦs
ρ
τ a˜
s
qµ a
q
l y
la˜τν + a
i
pρ y
pΦσ
ρ
τ a˜
σ
µ a˜
τ
ν ,
Φ¯j
λ
k = a
λ
ρ Φs
ρ
t a˜
s
j a˜
t
k ,(2.6)
Φ¯j
λ
ν = a
λ
ρ Φs
ρ
τ a˜
s
j a˜
τ
ν + a
λ
ρ Φs
ρ
t a˜
s
j a˜
t
pν a
p
k y
k ,(2.7)
Φ¯µ
λ
k = a
λ
ρ Φσ
ρ
t a˜
σ
µ a˜
t
k + a
λ
ρ Φs
ρ
t a˜
s
pµ a
p
q y
qa˜tk ,(2.8)
Φ¯µ
λ
ν = a
λ
ρ Φσ
ρ
τ a˜
σ
µ a˜
τ
ν + a
λ
ρ Φs
ρ
τ a˜
s
pµ a
p
q y
qa˜τν(2.9)
+ aλρ Φσ
ρ
t a˜
σ
µ a˜
t
pν a
p
l y
l + aλρ Φs
ρ
t a˜
s
pµ a
p
l y
la˜tqν a
q
m y
m .
By Corollary 2.3 equivariant mappings Φ : Rn × T smQ × T
r
mR → SF between standard
fibers are in the form
ΦB
A
C(y
i,Λµ
λ
ν,α, Kj
i
µ,β) = ΨB
A
C(y
i, Tµ
λ
ν;γ, R˜µ
λ
νκ;δ, Kj
i
µ, Rj
i
λµ;ǫ) ,
where α,β,γ, δ, ǫ are multiindices of the ranks 0 ≤‖α‖, ‖γ‖≤ s, 0 ≤‖β‖≤ r, 0 ≤‖δ‖≤
s−1, 0 ≤‖ǫ‖≤ r−1, and (Λµ
λ
ν,α) or (Kj
i
µ,β) are the induced coordinates on T
s
mQ or T
r
mR,
respectively.
First, let us consider the equivariance of ΨB
A
C with respect to the fiber homotheties, i.e.,
with respect to (c δij). Then, from (2.6), we get
c−2Ψj
λ
k = Ψj
λ
k(c y
i, Tµ
λ
ν;γ, R˜µ
λ
νκ;δ, Kj
i
µ, Rj
i
λµ;ǫ) .
Multiplying it by c2 and letting c→ 0, we obtain
Ψj
λ
k = Φj
λ
k = 0 .(2.10)
Similarly, from (2.7), (2.8) and (2.2), we have
c−1Ψj
λ
ν = Ψj
λ
ν(c y
i, Tµ
λ
ν;γ, R˜µ
λ
νκ;δ, Kj
i
µ, Rj
i
λµ;ǫ) ,
c−1Ψµ
λ
k = Ψµ
λ
k(c y
i, Tµ
λ
ν;γ, R˜µ
λ
νκ;δ, Kj
i
µ, Rj
i
λµ;ǫ) ,
c−1Ψj
i
k = Ψj
i
k(c y
i, Tµ
λ
ν;γ, R˜µ
λ
νκ;δ, Kj
i
µ, Rj
i
λµ;ǫ) ,
which, by multiplying by c and letting c→ 0, imply
Ψj
λ
ν = Φj
λ
ν = 0 , Ψµ
λ
k = Φµ
λ
k = 0 , Ψj
i
k = Φj
i
k = 0 .(2.11)
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Further, from (2.3), (2.4) and (2.9), we have
Ψj
i
ν = Ψj
i
ν(c y
i, Tµ
λ
ν;γ, R˜µ
λ
νκ;δ, Kj
i
µ, Rj
i
λµ;ǫ) ,
Ψµ
i
k = Ψµ
i
k(c y
i, Tµ
λ
ν;γ, R˜µ
λ
νκ;δ, Kj
i
µ, Rj
i
λµ;ǫ) ,
Ψµ
λ
ν = Ψµ
λ
ν(c y
i, Tµ
λ
ν;γ, R˜µ
λ
νκ;δ, Kj
i
µ, Rj
i
λµ;ǫ) ,
which implies, by letting c→ 0, that Ψj
i
ν ,Ψµ
i
k and Ψµ
λ
ν are independent of y
i.
Finally, from (2.5), we have
cΨµ
i
ν = Ψµ
i
ν(c y
i, Tµ
λ
ν;γ, R˜µ
λ
νκ;δ, Kj
i
µ, Rj
i
λµ;ǫ) .
By the homogeneous function theorem, [10], Ψµ
i
ν is linear in y
p, i.e.,
Ψµ
i
ν = Fµ
i
νp(Tµ
λ
ν;γ, R˜µ
λ
νκ;δ, Kj
i
µ, Rj
i
λµ;ǫ) y
p .
So we have equivariant functions Ψj
i
ν , Ψµ
i
k, Ψµ
λ
ν and Fµ
i
νp of variables Tµ
λ
ν;γ,
R˜µ
λ
νκ;δ, Kj
i
µ, Rj
i
λµ;ǫ.
Now we consider the base homotheties, i.e., the equivariance with respect to (c δλµ). Then
c−1Ψµ
λ
ν = Ψµ
λ
ν(c
−(‖γ‖+1) Tµ
λ
ν;γ, c
−(‖δ‖+2) R˜µ
λ
νκ;δ, c
−1Kj
i
µ, c
−(‖ǫ‖+2)Rj
i
λµ;ǫ) .
The homogeneous function theorem implies that Ψµ
λ
ν is a polynomial function with expo-
nents ai in Tµ
λ
ν;γ, i = ‖γ‖, bj in Rµ
λ
νκ;δ, j = ‖δ‖, c in Kj
i
µ and dk in Rj
i
λµ;ǫ, k = ‖ǫ‖, such
that
− 1 = −
s∑
i=0
(i+ 1) ai −
s−1∑
j=0
(j + 2) bj − c−
r−1∑
k=0
(k + 2) dk .(2.12)
The above equation (2.12) has solutions in integers only for a0 = 1 and the other coefficients
vahish or c = 1 and the other coefficients vanish. This implies that Ψµ
λ
ν is of the type
Ψµ
λ
ν = A
λστ
µνρ Tσ
ρ
τ + L
λjρ
µνi Kj
i
ρ ,
where Aλστµνρ and L
λjρ
µνi are absolute invariant tensors, i.e., products of the Kronecker symbols.
Then
Ψµ
λ
ν = a1 Tµ
λ
ν + a2 δ
λ
µ Tρ
ρ
ν + a3 δ
λ
ν Tρ
ρ
µ + l1 δ
λ
µKi
i
ν + l2 δ
λ
νKi
i
µ .
Finally, the equivariance of Ψµ
λ
ν with respect to elements of the type (δ
i
j , δ
λ
µ, a
i
jλ) implies
l1 = l2 = 0 and we have
Ψµ
λ
ν = Φµ
λ
ν = a1 Tµ
λ
ν + a2 δ
λ
µ Tρ
ρ
ν + a3 δ
λ
ν Tρ
ρ
µ .(2.13)
Similarly, for Ψj
i
ν and Ψµ
i
k, we get polynomial functions with exponents satisfying the
same equation (2.12). So we have
Ψj
i
ν = H
iστ
jνρ Tσ
ρ
τ +M
imρ
jνk Km
k
ρ , Ψµ
i
k = H
iστ
µkρ Tσ
ρ
τ +M
imρ
µkp Km
p
ρ ,
where coefficients are absolute invariant tensors, i.e.,
Ψj
i
ν = h1 δ
i
j Tρ
ρ
ν +m1Kj
i
ν +m2 δ
i
jKp
p
ν ,
Ψµ
i
k = h2 δ
i
k Tρ
ρ
µ +m3Kk
i
µ +m4 δ
i
kKp
p
µ .
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The equivariance with respect to elements of the type (δij , δ
λ
µ, a
i
jλ) impliesmi = 0, i = 1, . . . , 4,
and we have
Ψj
i
ν = Φj
i
ν = h1 δ
i
j Tρ
ρ
ν , Ψµ
i
k = Φµ
i
k = h2 δ
i
k Tρ
ρ
µ .(2.14)
Finally, let us discuss Fµ
i
νj. Considering base homotheties and the homogeneous function
theorem we get that Fµ
i
νj is polynomial with exponents satisfying (2.12) with −2 on the left
hand side. Then we have the following 6 possible solutions: a0 = 2 and the other exponents
vanish; a1 = 1 and the other exponents vanish; a0 = 1, c = 1 and the other exponents vanish;
b0 = 1 and the other exponents vanish; c = 2 and the other exponents vanish; d0 = 1 and
the other exponents vanish. Then
Fµ
i
νj = B
iσ1τ1σ2τ2
µνjρ1ρ2
Tσ1
ρ1
τ1 Tσ2
ρ2
τ2 + C
iστ1τ2
µνjρ Tσ
ρ
τ1;τ2 +N
iστ1qτ2
µνjρp Tσ
ρ
τ1 Kq
p
τ2
+Diστ1τ2µνjρ R˜σ
ρ
τ1τ2 + P
iq1τ1q2τ2
µνjp1p1
Kq1
p1
τ1 Kq2
p2
τ2 + E
iqτ1τ2
µνjp Rq
p
τ1τ2 ,
where all coefficients are absolute invariant tensors, i.e.,
Fµ
i
νj = δ
i
j (b1 Tρ
ρ
µ Tσ
σ
ν + b2 Tσ
ρ
µ Tρ
σ
ν + b3 Tρ
ρ
σ Tµ
σ
ν)
+ δij (c1 Tρ
ρ
µ;ν + c2 Tρ
ρ
ν;µ + c3 Tµ
ρ
ν;ρ)
+ δij (n1 Tρ
ρ
µKp
p
ν + n2 Tρ
ρ
νKp
p
µ + n3 Tµ
ρ
ν Kp
p
ρ)
+ n4 Tµ
ρ
ρKj
i
ν + n5 Tρ
ρ
νKj
i
µ + n6 Tµ
ρ
ν Kj
i
ρ
+ d1 δ
i
j R˜ρ
ρ
µν + d2 δ
i
j R˜µ
ρ
ρν + e1 δ
i
j Rp
p
µν + e2Rj
i
µν
+ δij (p1Kp
p
µKq
q
ν + p2Kq
p
µKp
q
ν)
+ p3Kj
i
µKp
p
ν + p4Kj
i
νKp
p
µ + p5Kp
i
µKj
p
ν + p6Kp
i
ν Kj
p
µ .
The equivariance with respect to elements of the type (δij , δ
µ
ν , a
i
jµ) implies n1 = n2 = n3 =
0, n4 = a3 − h2, n5 = a2 − h1, n6 = a1, pi = 0, i = 1 . . . , 6, and the other coefficients are
arbitrary. Then
Ψµ
i
ν = Φµ
i
ν = Fµ
i
νj y
j = yi (b1 Tρ
ρ
µ Tσ
σ
ν + b2 Tσ
ρ
µ Tρ
σ
ν + b3 Tρ
ρ
σ Tµ
σ
ν)(2.15)
+ yi (c1 Tρ
ρ
µ;ν + c2 Tρ
ρ
ν;µ + c3 Tµ
ρ
ν;ρ)
+ yj
(
(a3 − h2) Tµ
ρ
ρKj
i
ν + (a2 − h1) Tρ
ρ
ν Kj
i
µ + a1 Tµ
ρ
ν Kj
i
ρ
)
+ d1 y
i R˜ρ
ρ
µν + d2 y
i R˜µ
ρ
ρν + e1 y
iRp
p
µν + e2Rj
i
µν y
j .
Summerizing all results (2.10), (2.11), (2.13), (2.14) and (2.15) we get Lemma 2.4. 
As a direct consequence of Lemma 2.4 we have
Corollary 2.5. All natural operators transforming Λ and K into classical connections on
E are of the maximal order one and form 15-parameter family
D˜(Λ, K) = D(Λ, K) + Φ(Λ, K) ,
where D(Λ, K) is the connection given by Proposition 2.1 and Φ(Λ, K) is the 15-parameter
family of natural tensor fields given by Lemma 2.4. 
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Remark 2.6. In [3] (see also [10], Proposition 54.3) the same result was obtained by direct
calculations without using the reduction theorems. Our result coincides with the result of
[3, 10] but our base of the 15-parameter family of operators of Lemma 2.4 differ from the
base used in [3, 10]. 
Now we shall describe the geometrical construction of the operators from Lemma 2.4.
First let us recall that we have the canonical immersions ιT ∗M : T
∗M → T ∗E and ιVE :
VE → TE. The connection K defines the horisontal lift hK : TM → TE and the vertical
projection νK : TE → VE .
Then we have the following subfamilies of natural operators given by Λ and K.
A) Λ gives 3-parameter family of (1,2)-tensor fields on M , [10], given by
S(Λ) = a1 T + a2ITM ⊗ Tˆ + a3 Tˆ ⊗ ITM ,(2.16)
where T is the torsion tensor of Λ, Tˆ is its contraction and ITM :M → TM ⊗ T
∗M is the
identity tensor. Then the first 3-parameter subfamily of operators of Lemma 2.4 is given by
hK(S(Λ)) ≡ ιT ∗M ⊗ h
K ⊗ ιT ∗M(S(Λ)).
B) Λ and K define naturally the following 9-parameter family of (0,2) tensor fields onM ,
[10], given by
G(Λ, K) = b1 C
12
13(T ⊗ T ) + b2C
12
31 (T ⊗ T ) + b3 C
12
12(T ⊗ T )
+ c1C
1
1∇˜T + c2C
1
1∇˜T + c3C
1
3∇˜T + d1C
1
1R[Λ˜] + d2C
1
2R[Λ˜] + e1C
1
1R[K] ,
where C ijkl is the contraction with respect to indicated indices and C
1
1∇˜T denotes the conju-
gated tensor obtained by the exchange of subindices. The second 9-parameter subfamily of
operators from Lemma 2.4 is then given by L⊗G(Λ, K) ≡ ιT ∗M⊗ ιVE⊗ ιT ∗M(L⊗G(Λ, K)),
where L = yi ∂i is the Liouville vertical vector field on E.
C) The value of the curvature tensor R[K] applied on the Liouville vector field is in
T ∗M⊗VE⊗T ∗M . Then R[K](L) ≡ ιT ∗M⊗ ιVE⊗ ιT ∗M(R[K](L)) is the operator standing
by e2 in Lemma 2.4.
D) Finally, if we consider νK as the vertical valued 1-form νK : E → T
∗E ⊗ VE with
coordinate expression
νK = (d
i −Kj
i
λ y
j dλ)⊗ ∂i ,
the last 2-parameter subfamily of operators from Lemma 2.4 is obtained by applying the
morphism ιT ∗M ⊗ ιVE ⊗ idT ∗E on
H(Λ, K) = h1 νK ⊗ Tˆ + h2 Tˆ ⊗ νK .
Summarizing the above constructions we get
Theorem 2.7. All classical connections on E naturally given by Λ (in order s) and by K
(in order r, s ≥ r − 2) are of the maximal order one and are of the form
D˜(Λ, K) = D(Λ, K) + hK
(
S(Λ)
)
+ L⊗G(Λ, K) + e2R[K](L) +H(Λ, K) . 
Corollary 2.8. All natural operators transforming a general linear connection K on E and
a symmetric classical connection Λ onM into classical connections on E are of the maximal
order one and form the following 4-parameter family
D˜(Λ, K) = D(Λ, K) + L⊗
(
d1C
1
1R[Λ˜] + d2C
1
2R[Λ˜] + e1C
1
1R[K]
)
+ e2R[K](L) . Λ
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3. Natural connections on the 1st jet prolongation of vector bundles
Assume the 1-jet prolongation pi10 : J
1E → E with the induced fiber coordinate chart
(xλ, yi; yiλ). Then J
1E is a (1,1)-order G-gauge-natural bundle with the standard fiber
R
n × Rn ⊗ Rm∗ and the induced action of W
(1,1)
m G given in coordinates by
y¯i = aip y
p , y¯iλ = a
i
p y
p
ρ a˜
ρ
λ + a
i
pρ y
p a˜
ρ
λ .
A connection Γ on J1E is given by Γ : J1E → T ∗E⊗TJ1E over the identity of TE with
coordinate expression
Γ = dA ⊗
(
∂A + ΓA
i
λ ∂
λ
i
)
, ΓA
i
λ ∈ C
∞(J1E,R) .(3.1)
A connection Γ is affine if and only if ΓA
i
λ = ΓA
i
λ
µ
p y
p
µ + ΓA
i
λ
.
. .
Remark 3.1. If Γ1 and Γ2 are two connections on J
1E, then the difference Γ1−Γ2 : J
1E →
T ∗E ⊗ V J1E and, by using the identification V J1E = J1E ×
E
T ∗M ⊗
E
VE , we get
Γ1 − Γ2 = φ : J
1E → T ∗E ⊗ T ∗M ⊗ VE . Λ
In [9] we have described a natural operator χ transforming a classical connection on the
total space of a fibered manifold and a classical connection on the base manifold into a
connection on the 1st jet prolongation of the fibered manifold. Applying this operator on a
classical connection D on the total space of a vector bundle E →M we get
Proposition 3.2. Let D be a classical connection on E and Λ be a classical connection on
M . Then we have a connection Γ(Λ, D) = χ(D) on pi10 : J
1E → E such that
ΓA
i
λ = DA
i
j y
j
λ +DA
i
λ − y
i
µ (DA
µ
j y
j
λ +DA
µ
λ) .
Remark 3.3. The connection Γ(Λ, D) is independent of Λ, but the geometric construction
of the operator χ depends on Λ essentially, see [9]. 
Now, applying the operator χ on the connection D(Λ, K) from Proposition 2.1, we get
Theorem 3.4. A general linear connection K on E and a classical connection Λ on M
give naturally the connection Γ(Λ, K) = χ(D(Λ, K)) on J1E with the coordinate expression
Γµ
i
λ = Kj
i
µ y
j
λ + (∂λKj
i
µ −Kp
i
λKj
p
µ +Kj
i
ρ Λµ
ρ
λ) y
j ,
Γj
i
λ = Kj
i
λ . 
Corollary 3.5. All natural operators transforming a (general) linear connection K on E
(in order r) and a classical connection Λ on M (in order s, s ≥ r − 2) into connections on
J1E are of the form
Γ˜(Λ, K) = Γ(Λ, K) + φ(Λ, K) ,
where Γ(K,Λ) is the connection from Theorem 3.4 and φ(Λ, K) is a natural operator
φ : J1E ×
M
Js ClaM ×
M
Jr LinE → T ∗E ⊗ T ∗M ⊗ VE . Λ
So to classify natural connections on J1E it is sufficient to classify natural operators φ.
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Lemma 3.6. All natural tensor fields φ(Λ, K) : J1E → T ∗E ⊗ T ∗M ⊗ VE naturally given
by a classical connection Λ on M (in order s) and by a general linear connection K on E
(in order r, s ≥ r − 2) are of the maximal order one (with respect to both connections) and
form a 14-parameter family of operators with coordinate expression given by
φ(Λ, K) =
((
a1 Tλ
ρ
µ + a2 Tσ
σ
µ δ
ρ
λ + a3 Tλ
σ
σ δ
ρ
µ
)
yiρ + y
i
(
b1 Tρ
ρ
λ Tσ
σ
µ + b2 Tσ
ρ
λ Tρ
σ
µ
+ b3 Tρ
ρ
σ Tλ
σ
µ + c1 Tρ
ρ
λ;µ + c2 Tρ
ρ
µ;λ + c3 Tλ
ρ
µ;ρ
)
−
(
a3 Tρ
ρ
λKj
i
µ + (a2 + h1) Tρ
ρ
µKj
i
λ − a1 Tλ
ρ
µKj
i
ρ
)
yj
+ yi
(
d1Rρ
ρ
λµ + d2Rλ
ρ
ρµ
)
+ e1 y
iRp
p
λµ + e2Rj
i
λµ y
j
)
dλ ⊗ dµ ⊗ ∂i
+ h1 δ
i
j Tρ
ρ
µ d
j ⊗ dµ ⊗ ∂i ,
where all coefficients are real numbers.
Proof. We have the action of the group W
(1,1)
m,n G on the standard fiber SF = R
(m+n)∗ ⊗
R
m∗ ⊗ Rn of T ∗E ⊗ T ∗M ⊗ VE given by
φ¯λ
i
µ = a
i
p φρ
p
σ a˜
ρ
λ a˜
σ
µ + a
i
p φq
p
σ a˜
q
rλ a
r
s y
s a˜σµ , φ¯j
i
µ = a
i
p φq
p
σ a˜
q
j a˜
σ
µ .(3.2)
The corresponding equivariant mapping φ : Rn ×Rn ⊗Rm∗ × T smQ× T
r
mR→ SF is given,
by Corollary 2.3, by
φA
i
λ(y
i, yiλ,Λµ
λ
ν,α, Kj
i
µ,β) = ψA
i
λ(y
i, yiλ, Tµ
λ
ν;γ, R˜µ
λ
νκ;δ, Kj
i
µ, Rj
i
λµ;ǫ) ,
where the multiindices α, . . . , ǫ are as in the proof of Lemma 2.4.
The equivariance with respect to fiber homotheties (c δij) implies
c ψλ
i
µ = ψλ
i
µ(c y
i, c yiλ, Tµ
λ
ν;γ, R˜µ
λ
νκ;δ, Kj
i
µ, Rj
i
λµ;ǫ) .
which gives, by the homogeneous function theorem, that ψλ
i
µ is linear in y
i and yiλ, i.e.
ψλ
i
µ = f
i
λµj y
j + giνλµj y
j
ν .
First, we shall discuss giνλµj . We get, from the equivariance with respect to base homotheties
(c δλµ),
c−1 giνλµj = g
iν
λµj(c
−(‖γ‖+1) Tµ
λ
ν;γ, c
−(‖δ‖+2) R˜µ
λ
ν1ν2;δ, c
−1Kj
i
λ, c
−(‖ǫ‖+2)Rj
i
λµ;ǫ)
which implies that giνλµj is polynomial with exponents satisfying (2.12). We have the following
2 possible solutions: a0 = 1 and the other exponents vanish; c = 1 and the other exponents
vanish. Then
giνλµj = A
iνστ
λµjρ Tσ
ρ
τ + L
iνqσ
λµjpKq
p
σ = a1 δ
i
j Tλ
ν
µ + a2 δ
i
j δ
ν
λ Tρ
ρ
µ + a3 δ
i
j δ
ν
µ Tλ
ρ
ρ
+ l1 δ
ν
λKj
i
µ + l2 δ
ν
µKj
i
λ + l3 δ
i
j δ
ν
λKp
p
µ + l4 δ
i
j δ
ν
µKp
p
λ
Similarly, for f iλµj we get, from the equivariance with respect to base homotheties (c δ
λ
µ),
c−2 f iλµj = f
i
λµj(c
−(‖γ‖+1) Tµ
λ
ν;γ, c
−(‖δ‖+2) R˜µ
λ
ν1ν2;δ, c
−1Kj
i
λ, c
−(‖ǫ‖+2)Rj
i
λµ;ǫ)
which implies that f iλµj is polynomial with exponents satisfying (2.12) with −2 on the left
hand side. We have the following 6 possible solutions: a0 = 2 and the other exponents
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vanish; a1 = 1 and the other exponents vanish; a0 = 1, c = 1 and the other exponents
vanish; b0 = 1 and the other exponents vanish; c = 2 and the other exponents vanish; d0 = 1
and the other exponents vanish. Then
f iλµj = B
iσ1τ1σ2τ2
λµjρ1ρ2
Tσ1
ρ1
τ1 Tσ2
ρ2
τ2 + C
iστ1τ2
λµjρ Tσ
ρ
τ1;τ2 +D
iστ1τ2
λµjρ Rσ
ρ
τ1τ2
+ P iq1τ1q2τ2λµjp1p2 Kq1
p1
τ1 Kq2
p2
τ2 + E
iqτ1τ2
λµjp Rq
p
τ1τ2 +N
iστ1qτ2
λµjρp Tσ
ρ
τ1 Kq
p
τ2
= b1 δ
i
j Tρ
ρ
λ Tσ
σ
µ + b2 δ
i
j Tσ
ρ
λ , Tρ
σ
µ + b3 δ
i
j Tρ
ρ
σ Tλ
σ
µ + c1 δ
i
j Tρ
ρ
λ;µ
+ c2 δ
i
j Tρ
ρ
µ;λ + a9 δ
i
j Tλ
ρ
µ;ρ + d1 δ
i
j Rρ
ρ
λµ + d2 δ
i
j Rλ
ρ
ρµ
+ p1 δ
i
jKp
p
λKq
q
µ + p2 δ
i
jKq
p
λKp
q
µ + p3Kj
i
λKp
p
µ
+ p4Kj
i
µKp
p
λ + p5Kp
i
λKj
p
µ + p6Kp
i
µKj
p
λ + e1Rj
i
λµ + e2 δ
i
j Rp
p
λµ
+ n1 Tλ
ρ
ρKj
i
µ + n2 Tρ
ρ
µKj
i
λ + n3 Tλ
ρ
µKj
i
ρ + n4 δ
i
j Tρ
ρ
λKp
p
µ
+ n5 δ
i
j Tρ
ρ
µKp
p
λ + n6 δ
i
j Tλ
ρ
λKp
p
ρ .
Further, from the equivariancy with respect to fiber homotheties, we have
ψj
i
µ = ψj
i
µ(c y
i, c yiλ, Tµ
λ
ν;γ, R˜µ
λ
νκ;δ, Kj
i
µ, Rj
i
λµ;ǫ) .
which implies, by the homogeneous function theorem, that ψj
i
µ is independent of y
i and yiλ.
If we suppose the equivariance with respect to base homotheties (c δλµ). We have
c−1 ψj
i
µ = ψj
i
µ(c
−(‖γ‖+1) Tµ
λ
ν;γ, c
−(‖δ‖+2) R˜µ
λ
ν1ν2;δ, c
−1Kj
i
λ, c
−(‖ǫ‖+2)Rj
i
λµ;ǫ)
which implies that ψj
i
µ is polynomial with exponents satisfying the equation (2.12), i.e.
ψj
i
µ = H
iστ
jµρ Tσ
ρ
τ +M
iqρ
jµpKq
p
ρ = h1 δ
i
j Tρ
ρ
µ +m1Kj
i
µ +m2 δ
i
j Kp
p
µ .
Finally, the equivariance of ψj
i
µ with respect to elements of the type (δ
i
j, δ
λ
µ, a
i
jλ) implies
m1 = m2 = 0 and we have
ψj
i
µ = h1 δ
i
j Tρ
ρ
µ(3.3)
and the equivariance of ψλ
i
µ with respect to elements of the type (δ
i
j, δ
λ
µ, a
i
jλ) implies pi = 0,
i = 1, . . . , 10, n4 = n5 = n6 = 0, n1 = −a3, n2 = −a2 − h1, n3 = −a1 and the other
coefficients are arbitrary. Then
ψλ
i
µ = φλ
i
µ = g
iν
λµj y
j
ν + f
i
λµj y
j(3.4)
= a1 Tλ
ν
µ y
i
ν + a2 Tρ
ρ
µ y
i
λ + a3 Tλ
ρ
ρ y
i
µ + b1 y
i Tρ
ρ
λ Tσ
σ
µ + b2 y
i Tσ
ρ
λ Tρ
σ
µ
+ b3 y
i Tρ
ρ
σ Tλ
σ
µ + c1 y
i Tρ
ρ
λ;µ + c2 y
i Tρ
ρ
µ;λ + c3 y
i Tλ
ρ
µ;ρ
− a3 Tλ
ρ
ρKj
i
µ y
j − (a2 + a10) Tρ
ρ
µKj
i
λ y
j − a1 Tλ
ρ
µKj
i
ρ y
j
+ d1 y
iRρ
ρ
λµ + d2 y
iRλ
ρ
ρµ + e1 y
iRp
p
λµ + e2Rj
i
λµ y
j .
Summerizing (3.3) and (3.4) we get Lemma 3.6. 
Theorem 3.7. All natural operators transforming a linear connectionK onE and a classical
linear connection Λ on M into connections on pi10 : J1E → E are of the maximal order one
and form the 14-parameter family
Γ˜(Λ, K) = χ(D(Λ, K)) + φ(Λ, K) ,
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where χ(D(Λ, K)) is the connection given by Theorem 3.4 and φ(Λ, K) is the 14-parameter
family of natural tensor fields given by Lemma 3.6. 
Let us recall that we have the natural complementary contact maps
d : J1E ×
E
TM → TE , θ : J1E ×
E
TE → VE ,
with the coordinate expressions
d = dλ ⊗ (∂λ + y
i
λ∂i) , θ = (d
i − yiλd
λ)⊗ ∂i .(3.5)
Then we have the following, by using the notation of Section 2, geometric description of
Γ˜(Λ, K).
Theorem 3.8. All connections on J1E naturally given by Λ (in order s) and by K (in order
r, s ≥ r − 2) are of the maximal order one and are of the form
Γ˜(Λ, K) = Γ(Λ, K) + θ ◦ hK
(
S(Λ)
)
+ L⊗G(Λ, K) + e2R[K](L) + h1 νK ⊗ Tˆ . 
Remark 3.9. The 14-parameter family Γ˜(Λ, K) from Theorem 3.7 can be obtained from the
15-parameter family of Theorem 2.7 by applying the operator χ, i.e. Γ˜(Λ, K) = χ
(
D˜(Λ, K)
)
.
In fact χ
(
D˜(Λ, K)
)
= χ
(
D(Λ, K)
)
+ χ˜
(
Φ(Λ, K)
)
, where
χ˜ ≡ idT ∗E⊗θ ⊗ d : J
1E ×
E
T ∗E ⊗ TE ⊗ T ∗E → T ∗E ⊗ VE ⊗ T ∗M .
But
χ˜
(
hK(Tˆ ⊗ ITM)
)
= −χ˜(Tˆ ⊗ νK)
which implies that operators standing in the family of Lemma 2.4 with coefficients a3 and
h2 admit the same operator, standing with the coefficient a3 in the family of Lemma 3.6. It
is the reason why Γ˜(Λ, K) is only 14-parameter family. 
Remark 3.10. From the coordinate expression of Γ(Λ, K) and φ(Λ, K) it is easy to see that
all connections Γ˜(Λ, K) are affine. 
Corollary 3.11. All natural operators transforming a general linear connection K on E
and a symmetric classical connection Λ on M into connections on J1E are of the maximal
order one and form the 4-parameter family
Γ˜(Λ, K) = Γ(Λ, K) + L⊗
(
d1C
1
1R[Λ˜] + d2C
1
2R[Λ˜] + e1C
1
1R[K]
)
+ e2R[K](L) . Λ
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